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ON CURVATURE PINCHING OF CONIC 2-SPHERES 


HAO FANG AND MIJIA LAI 

Abstract. We study metrics on conic 2-spheres when no Einstein 
metrics exist. In particular, when the curvature of a conic metric 
is positive, we obtain the best curvature pinching constant. We 
also show that when this best pinching constant is approached, 
the conic 2-sphere has an explicit Gromov-Hausdorff limit. This is 
a generalization of the previous results of Chen-Lin and Bartolucci 
for 2-spheres with one or two conic points. 


1. Introduction 

Due to the recent development in Kiihler geometry, there is a lot 
of interest in the study of metrics with conic singularities along a 
divisor P [JMR| . The deep connection between algebraic stability 
and existence of Kahler-Einstein metrics on Fano manifolds is high¬ 
lighted in the recent solution of the Yau-Tian-Donaldson conjecture 
[CDSn ICD^ [CDS31 [H]. Metrics with conic singularities play an 
essential role in this direction, namely it is more natural to consider 
Kahler-Einstein metrics with possible conic singularities on Fano man¬ 
ifolds. It is thus interesting to explore further geometric properties of 
conic manifolds. On the other hand, manifolds satisfying certain un¬ 
stability conditions do not admit Kahler-Einstein metrics or constant 
scalar curvature metrics. Therefore, an interesting problem is to search 
for other “canonical’ Kahler metrics (possibly with conical singularities) 
on such manifolds. In this article, we search for “least-pinched” metrics 
on conic 2-spheres when no Einstein metrics exist. 

For surfaces with conic metric singularities, or conic surfaces, the 
relation between stability and existence of Einstein metrics can be ex¬ 
pressed in explicit forms. In order to study the prescribing curvature 
problem for conic surfaces, Troyanov Bg has classified conic surfaces 
into sub-critical, critical and super-critical categories. On the other 
hand, the logarithmical K-stability m is linked to the coercivity of 
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twisted Mabuchi i^-energy functional, which means any conic surface 
is either logarithmically K-stable, semi-stable or unstable. It is shown 
that these two classihcations coincide Ell. 

Let us start with some dehnitions before further elaboration. For a 
closed Riemann surface S, a metric g is said to have a conic singularity 
of order /3 E (—l,oo) at a point p G S' if under a local holomorphic 
coordinate {z} centered at p, 

where f{z) is locally bounded and away from p. The conic singu¬ 
larity is modeled on the Euclidean cone: C with a metric is 

isometric to a Euclidean cone of angle 27r(/3 -|- 1) with the cone tip at 
the origin. 

In general, we shall use the triple {S,D,g) to denote a closed ori- 
entable Riemannian surface S with a conic metric g, for which the 
information of its singularities is encoded in the divisor D = (^iPi 
in an obvious manner, i.e., g has conic singularities at pi of order jdi. 
We sometimes say that the conic metric g represents D. 

For such a triple {S,D,g), let K = K{g) be the Gaussian curvature 
of g dehned on S\D. Throughout the paper, we assume K can be 
extended to a Holder continuous function on S. The collection of all 
such conic metrics representing D is denoted by C{S,D). We shall 
use the pair {S,D) to denote a conic surface when the metric is not 
specihed. 

The Gauss-Bonnet formula for the conic surface (S', D) becomes |Tr) 

[ K{g)dA{g) = 2nx{S,D) := 2ti{x +\D\), 

Js 

where |T*| = X]r=i A degree of the divisor. 

In his seminal paper |Trj . Troyanov systematically studies the pre¬ 
scribing curvature problem on the conic surface (S', D). He divided the 
problem into three cases according to the sign of the Euler characteris¬ 
tic number y;(S', D). For x(S', D) > 0, he further classihed the problem 
into the following three cases: 

(1) subcritical case: x(S', D) < min{2, 2 -|- 2 min* /3j}; 

(2) critical case: x(S', D) = min{2, 2-1-2 min* /Sj}; 

(3) supercritical case: x(S', D) > min{2, 2-1-2 min* /S*}. 

The constant min{2, 2 -|- 2 minj jdi] turns out to be the Trudinger con¬ 
stant da in the corresponding Moser-Trudinger inequality for conic 
surfaces, which plays an important role in the prescribing curvature 
problem. According to Ross-Thomas imi, a conic surface {S,D) being 
subcritical, critical or supercritical, respectively can be reinterpreted as 
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it being logarithmically K-stable, semi-stable or unstable, respectively. 
For further developments of the prescribing curvature problem, we refer 
readers to |BDM1 IBaMat lE] and the references therein. 

Now let us examine the Yamabe problem on conic surfaces, namely 
the existence of constant curvature metrics on {S,D). If x{S,D) < 
0, there always exists a conic metric representing D with constant 
curvature [E|- When x{S,D) > 0 and all (3i G (—1,0) (which we 
assume from now on), S is necessarily a 2-sphere. In this situation, S 
admits a conic metric of positive constant curvature if and only if: 

(1) either n = 2 and D = f3ip + (32q with /5i = /32; 

(2) or n > 3 and D is subcritical i.e., x{S,/3) < min{2, 2-|-minj/9j}. 

Note that surfaces satisfying ([1]) are critical and are often called (Amer¬ 
ican) footballs, see [CL^ for some classification results. For surfaces 
satisfying ([2]), the sufficiency is proved by Troyanov |Tr) . the necessity 
and uniqueness argument is due to Luo-Tian (cn. 

In view of above results, there are two cases of conic 2-spheres which 
do not carry metrics of constant (positive) curvature: 

(1) D is supercritical; 

(2) D is critical and n > 3. 

It is then natural to seek for other “canonical” metrics as substitutes 
for constant curvature metrics. Since in two-dimension the curvature is 
a scalar function, we can consider from the viewpoint of “least-pinched” 
metrics. More precisely, we ask the following question: 

Problem 1.1. For a conic 2-sphere {S,D,g) with positive Gaussian 
curvature K{g) (assumed to be extended to a continuous function on 
S), let iFjnax and iFmin denote the maximum and the minimum of K{g), 
respectively. Define the curvature pinching constant of g as 

p{3) = ^- ( 1 . 1 ) 

-^max 

What is sup {p(5')}? 

g&C{S,D) 

If (S', D) admits a constant curvature metric g, then clearly sup{p( 5 f)} 
1, which is attained by constant curvature metrics. So nontrivial cases 
for this problem are 

(1) D is supercritical; 

(2) D is critical and n > 3. 

Problem o was first asked by Thurston na in 1978 for 2-spheres 
with one or two conic points (both are supercritical). Bartolucci [B] 
answers Thurston’s question based on the analysis of Chen-Lin [ChLij . 















ON CURVATURE PINCHING OF CONIC 2-SPHERES 


4 


who have treated the one conic point case. More precisely, Bartolucci 
has proved the following 


Theorem 1.2 (Bartolucci). Let {S‘^,D) be a conic 2-sphere, with D = 
ap + (3q. Suppose —l</3<a<0(a = 0 corresponds to the case of 
one conic point), then for all piecewise smooth and conic metrics 
g on the S"^ representing D, 


pia) < 


W + i? 

(0 + 1 ) 2 ’ 


( 1 . 2 ) 


where the equality holds if and only if{S‘^,D,g)( up to a Mobius trans¬ 
formation ) is the “glued football”. 


For —l<(d<a<0,a glued football is given by the following 
conformal metric g = e^'^'go on the 2-sphere, where go is the standard 
Euclidean metric on C and the conformal factor u is defined as 




ln( 


2(a+l)r° ^ 


r < 1; 


ln( 


2(Q + l)r^ ' 

]^_j_j-2-F2/3 , 


r > 1, 


(1.3) 


with r = \z\. 

The glued football ^ has a conic singularity along jdoo when o = 0, 
or oO + (3oo, when a < 0. 

We note that ii a = (3 this is a smooth conic metric away from 
z = 0, oo; it has constant curvature 1. This is the so-called (American) 
football. 

When a ^ (3, is glued by two footballs of different angles along 
their equator, and thus has piecewise constant curvature: 


K{g) 


r < 1; 


(a+lp^ 


r > 1. 


(1.4) 


It follows p{g) = which realizes the equality in fll.21) . 

In this paper, we answer Problem II.II in its full generality. Our main 
result is the following 


Theorem 1.3. Let {S,D) be a conic 2-sphere where D 
is supercritical, assume f3i = minj/3j and let a = \D\ 
WgeC{S,D), 


pia) < 


(i + A)^ 

(l + a)2 


Po{S,D), 


= Er=iAPi 

— (3i. Then 


(1.5) 


moreover po is optimal. 
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Note if D is supercritical, then /9i < a, consequently po{S,D) < 1. 
Hence this gives a qualitative evidence for the non-existence of constant 
positive curvature on supercritical conic 2-spheres, or it can be viewed 
as a necessary condition for the Nirenberg problem in the supercritical 
conic 2-sphere setting. The theorem also recovers Bartolucci’s result if 
D has one or two conic points. 

We hnd that glued footballs also serve as the extremal geometrically, 
when n > 3. 

Theorem 1.4. Let {S,D) be a conic 2-sphere where D = 
is supercritical, assume f3i = miuj and let a = \D\ — Then 

for any sequence of smooth conic metrics {gi}’^i with limj_j.oo p(fi'i) = 

Po and ma.xK{gi) = 1, {{S, D, gf)} converges to the glued football 
= (5ip + aq) in the Gromov-Hausdorff sense, moreoverpi —)■ p 
and P 2 ,''' Pn ^ Q along the convergence. 

For the critical case, following identical arguments, we have 

Theorem 1.5. Let {S,D) be a conic 2-sphere where D = 'Y^=il^iPi 
critical and n > 3, assume f3i = min/5j and let a = \D\ — (di. Then 
WgeC{S,D), 

P(9) < n := PoiS, D) = 1, 

(1 + a)^ 

and the constant pf){S,D) is optimal; moreover, for any sequence of 
smooth conic metrics gi withlimi^ao p{gi) = 1 and max Ki = 1, {{S,D,gi)} 
converges to the football = ap-\-aq) in the Gromov-Hausdorff 

sense, and pi —?• p and P 2 ^ ■ ■ ■ Pn ^ q along the convergence. 

Our main tool of the proof is to apply the isoperimetric inequality 
to obtain sharp differential inequalities. This is inspired by methods 
hrst used by Chen-Lin |ChLi] that are later extended by Bartolucci 
|B] . However, since there can be no simple symmetric rearrangement 
procedure for the multi-singularity case, their method can not be ap¬ 
plied directly. Instead, we apply a similar argument used in our earlier 
paper (FEl to simplify their proof. In particular, we are able to derive 
a differential inequality involving only the level sets of the conformal 
factor without the symmetric rearrangement argument. On the other 
hand, the characterization of the equality case is obtained in |ChLil [B] 
by the more involved rearrangement technique. We need to do a hner 
analysis of the defect of isoperimetric inequalities as in EE] to prove 
the convergence result in Theorem ll.41 which indicates all but one conic 
points merge in the limit procedure. 

While previous works of [ChLiilB] focus on and piecewise smooth 
metrics, for which glued footballs serve as the unique geometric sharp 
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examples up to Mobius transformations, it is clear that (11.51) is a strict 
inequality for smooth conic metrics. Using our previous results in |FL) 
and some careful analysis, we are able to construct examples in general 
cases that fll.5p is indeed sharp. 

In recent preprints |PSSWll IPSSW2j . the Ricci flow on conic 2- 
spheres is shown to converge in stable, semi-stable and unstable cases. 
It is shown in [PSSWlj that conic metrics on a sphere with n {n > 
3) conic points in the semi-stable case converge in Gromov-Hausdorff 
topology to a football along the Ricci flow. Also in |PSSW2] it is proved 
that the Ricci flow of an unstable conic metric converges geometrically 
to a Ricci soliton with two conic points. Thus, in the sense of the Ricci 
flow, Ricci solitons are considered to be canonical metrics for conic 
2-spheres. 

Comparing the convergence results of Theorem 11.41 and Theorem 11.51 
to convergence results of the Ricci flow to Ricci solitons, we observe 
an interesting common feature: the conic point with the smallest cone 
angle remains in the limit process, while all other conic points merge to 
form a new conic point. Their difference is however more obvious: while 
Ricci solitons are smooth with varied curvature, the glued footballs 
have piece-wise constant curvature. This is somewhat expected. As 
the problem of searching for metrics realizing supggc(s,u){p(5')} is not 
variational, and thus the extremal usually loses smoothness. 

In general, if a Kahler manifold does not carry metrics of constant 
scalar curvature in a fixed Kahler class, it would be very interesting to 
see if the best scalar curvature pinching can be computed. Hopefully 
we can address this problem in future works. 

From a more analytic point of view, as mentioned earlier. Theorem 
11.31 gives a necessary condition for the Nirenberg problem, which would 
be an interesting topic for further discussion. It also indicates a sharp 
Moser-Trudinger inequality for supercritical conic 2-spheres. 

This paper is organized as follows: in Section 2, we present our key 
estimate for proving Theorem 11.31 in Section 3 and Section 4, we prove 
Theorems Ol and 11.41 respectively. 

Acknowledgements: Both authors would like to thank Bartolucci for 
bringing up his work [B] to their attention. They also thank the referee 
for pointing out some technical inaccuracy in a previous draft. 

2. Key Estimate 

In this section we give a proper set-up for Theorem 11.31 and present 
a key estimate for its proof. 

We start with some definitions. 
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Let go be the standard Euclidean metric on C. We identify any 
point p E with z E C* via stereographic projection. For any given 

n 

natural number n, consider a divisor D = "^fiiPi where pi E 5^ and 

1 

—1 < < 0, i = 1, • • • ,n. For simplicity, we assume 

A </92 < ••• </9n. (2.1) 

Remember that 

n 

= ( 2 . 2 ) 

1 

We let 

n 

a■.= \D\-P, = J2P^■ (2.3) 

2 

The supercritical condition implies that a > f3i. Also, without loss of 
generality, we may assume = cxo. 

Thus, a conformal metric g = e^’^go represents (5^, D) if the asymp¬ 
totic behavior of u near Zi is: 

• M ~ /3j In Iz — Zil as z ^ Zi, i > 1] 

• M ~ —(/9i + 2) In \z\ as \z\ Zi = oo. 

The Gaussian curvature of g is computed as 

K{g) = -e-2“An, (2.4) 

when z ^ Zi- Here the Laplacian is with respect to g^. 

The main result of this section is the following estimate: 


Proposition 2.1. Notations as above. Let K be a positive continuous 
function on C satisfying I!i2.4\ ) such that 

0<a<K<b, (2.5) 


then 


l<Po{S,D) 


(1 + A)^ 
(1 + ay 


( 2 . 6 ) 


Proof. We consider the level sets of u. Using notations of our earlier 
works EQ. we dehne, 

G(t) := {m > t} C C, A{t):= [ Ke^^, R(f) := |Gi|, 

Jnt 

where integrals are with respect to the Euclidean metric go and | • | 
stands for the Lebesgue measure. In view of the asymptotic behavior 
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of u near oo, B{t) is finite for any f G M. The Gauss-Bonnet formula 
now reads as 



271(2 + |D|) 


lim Ait). 

>•—OO 


(2J) 


Moreover, the asymptotic behavior of u at singularities ^ 2 , •'' 
plies that Zi G G(t), for 2 < i < n and for all t G M. Thus using 
equation fl2.4D . we have 


A{t) = [ = [ -Am = [ |Vm| + 2Tra. 

Jn{t) Jn{t) Jdn{t) 

It is easy to from definition that both A{t) and B{t) are non-increasing. 
It follows that A'{t) and B'{t) exist for almost everywhere t. 

For such a t, 


A'{t) = lim 

s — 


L 


n{s)\n{t) 


Ke 


2u 


t 


> lim 

s—yt 




= be^^B'it), 


where we have applied mean value theorem with some z* G r2(s) \G(s) 
and fl2.5p . Similarly, A'{t) < ae^^B'{t) for almost everywhere t, so 


1 e^^B'it) 1 

- < -rV- < -• 

b A'{t) a 


( 2 . 8 ) 


It follows from the co-area formula (see Lemma 2.3 in |BZ] ) that for 
given ti <t 2 , 


B{h)-B{t2) 


\cnu ^((fi,f2))| + 



f — 

J{u=r} |Vm| 


dH^dr^ 


(2.9) 


where C denotes the set of critical points of u, i.e., C = {z\Vu{z) = 0}. 

We claim \C fl M“^((fi,^ 2 ))! = 0, for any ti < t 2 , which indicates 
that B is absolutely continuous. By fl2.4p and f|2.5p . then for any zq = 
(xo, Vo) G {GnM“^((ti, ^ 2 ))}, we may assume, without loss of generality, 
that Uxx{zo) 7 ^ 0. By virtue of the implicit function theorem, there 
exists some p > 0 and g : {vo — P,yo + p) —^ K such that {ux{x,y) = 
0 n Bp{zo)} is the graph of the function x = g{y). Clearly, 


C n Bpi^zo) C {Ux{x, p) = 0} n Bpi^zo), 


which has 0 measure. We have thus established the claim. B{t) is 
absolutely continuous on any finite interval [^ 1 ,^ 2 ]- 

From now on we may assume that computation is done for a generic 
f, i.e., for which A'{t) and B'{t) exist and fl2.8p and f|2.9p hold. 
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By the isoperimetric inequality and the Holder’s inequality, we have 


47rH(t) < ( / lf< |Vm| 


1 


'dn{t) 


'on 


idn(t) 


|V«| 


which leads to 


B(t) ^ A(t) — 271 a 


B'{t) - 471 

Combining fl2.8p and fl2.1ip . we get 

d 


< -B\t){A{t)-27ia), 

( 2 . 10 ) 

( 2 . 11 ) 

2B{t) 


= P'B'(() + 2P‘B(() = P'B'(()(1 + ^) 


- A'{t) ^ 277 ’ 

^(1 + a-^), H<27r(l + a); 


< 


( 2 . 12 ) 


A' 


+ H > 27r(la). 


Since 24(— cxo) = 27r(2 -|- |Z1|) > 27r(l -|- a), there exists to G R such 
that A(to) = 27r(l -|- a). For t < to < T, integrating fl2.12p from t to T, 
and noticing e^^B{t) is absolutely continuous as well, we get 


e^^BiT) - e^^Bit) < 4^ - ^^A{t) + (1 + a)\- - \). (2.13) 

4071 a a 0 


Since 


= 2 / B{t)e^^dt < cx). 


there exist sequences t^ —oo and —)• oo, such that e^^'^B{tn) 0 

and e^'^^B{Tn) —)■ 0, respectively. 

Plugging such two sequences into (12.13p . we infer 


2+\D 
1 -|- o 


> 1 + 



which implies (12.6|) . We have thus hnished the proof. 


□ 


3. Proof of main result 

In this section, we prove that the constant po{S,D) obtained in 
Proposition 12 .1 1 is optimal. 

The main result of this section is the following; 
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Theorem 3.1. For any fixed supercritical conic 2-sphere {S,D) and 
any e > 0, there exists a smooth conic metric g G C{S, D) such that 

p{g) > po{S,D) - e. 

We shall construct a conformal factor U 2 whose pinching constant is 
close to po{S,D). The construction is divided into three steps. First, 
we construct an approximate conformal factor uq based on our earlier 
work CD. which has desired singularities along D, but it has discon¬ 
tinuity along {|z| = 1}. Second, we run a mollihcation argument to 
get a conformal factor ui, which smoothes out the discontinuity of Uq. 
Finally, we combine mq and ui using a standard cutoff function to get 
the desired function U 2 . 


Proof. We now describe our approximate conformal factor uq. For n = 
1,2, uo can be chosen as the conformal factor of the glued football (up 
to a constant) with the corresponding cone angles. Namely, by f|1.3p . 
we dehne 


uo{z) 


ln( 


2hr 


l + |2:p+2a 


), kl < 1; 


+ k| > 1. 


(3.1) 


Thus, we have that Uq G C'^’^(C) for n = 1 and Mq ^ C'^’^(C\{0}) for 
n = 2. 

For the case n > 3, to construct Uq, we need to apply the main 
result in (FE]. Given a supercritical divisor H on S' = S^, where D = 
X]r=i APu assume (3i = miu/dj and let a = \D\ — (3\. We then have 
/5i < a < 0. Dehne a monotone decreasing sequence {aj}fLi, such that 
ttj < /52, and 

lim aj = a. 

j^oo 


We hx po = oo and consider divisors 


Dj = ^ (diPi + ajpo. (3.2) 

i>l 

{S,Dj) is subcritical for each j. Therefore, due to |Trj . there exists 
a conic metric gj = for the pair {S,Dj) such that K{gj) = 

(ttj -f 1)^. By the main theorem of [FL) . we know that after a suitable 
normalization and passing to a subsequence if necessary, 

2fo|" 

Vj{z) v^{z) = ln( ^^ |;^|2+2a )’ ^ (3.3) 

where the convergence is C°° on any compact K C C\0. Note that 
the convergence f|3.3p implies that the singular points of Vj converge to 
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the origin O when j —)• oo. Without loss of generality, we may assume 
that Vj is smooth for 1/4 < \z\ < oo. Define 

z\ < 1; 

(3,4) 

z\ > 1. 

Consider a general piecewise smooth function w defined in the region 
{kl > 1/2} with the discontinuity at {\z\ = 1}. Define the following 

D^{w) = limsup \w{zi) — w{z 2 )\-, 

Z\^Z2^Z 

D\{w) = limsup |Vtp( 2 :i) — Vtc(z 2 ))|- 

Z\^Z2^Z 

Following (13.3j) . we get: 

Proposition 3.2. For any e' > 0, there exists a J G N such that for 
j > J, z G {2 > l^l > 1/2}, i = 0,1, we have 

( 1 ) 

\VP{vj{z) -noo(2^))| <e' p = 0,1, 2, 3; 

( 2 ) 

Dl{wj) < e. 

We will pick our approximate conformal factor uq as one of the w/s, 
with the choice of j given later. 

To summarize properties of Uq, we have the following 

Proposition 3.3. For any e' > 0, there exists a function mq : C —?• M, 
such that 

(1) Uq is smooth away from the curve {| 2 ;| = 1}, and z^, - ■ ■ ^Zn G 

{kl < 1/2}; 

(2) when uq is smooth, we have 

(/5 + 1)' < -e-2“°Ano < (« + 1)'; 

(3) u (3i \n\z — Zi\ as z ^ Zi, i > 1; 

(4) u — (/9i + 2) In l^l as \z\ zi = oo; 

(5) Di{uo) < e', for |z| > 1. 

(6) There are constants mo, Mq and Mi depending only on a and 
jdi such that 


Wj{z) = 


'vj{z), 


l+|^|2-h2/Si , 


Mo > sup uo{z), 

\z\>l/2 


Ml > sup 

l/2<\z\,\z\^l 

m < inf Uo(z). 
l/2<p|<2 


|Vmo(^)|, 
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Next, we describe our mollification procedure. Define, for any z G C 
and (5 > 0, 


ip{z) = ips{,z) 


Fexp(p^), 0<|z|<5, 

0, l^l > 5, 


where c G M is chosen such that = 1. There exists a constant 

C > 10, such that 

lt=l<^. |Vv>l<^. (3.5) 

Define, for \z\ > 1/2, 

ui{z) = / ^p{z — w)uo{w)dvw. (3.6) 

Jwec 

We prove the following 


Proposition 3.4. For any e > 0, and there exists e' > 0 and 1/8 > 
5 > 0, such that ifuo is a function satisfying Proposition Vd.tA then the 
function ui defined in US. 61) satisfies the following 

(1) Ml is smooth in the region {z : \z\ > 5/8}; 

(2) In the region {1/4 < H^l — 1| < 3/8}, 

I \ui — Mol Ic2 < F 

(3) For 3/4 < |; 2 | < 5/4, 

(/9 + 1)^ — e < —< (a + 1)^ + e. 

Proof. The proof of parts (1) and (2) of Proposition 13.41 is standard. 
We just need to prove part ([2]). 

Notice that 

-w) = -Vwip{z - w), 

we have the following inequalities for \z\ > 5/8, 

\ui{z) - uo{z)\ = \ J Lp{z- w){uo{z) - uo{w))dv^,\ < Mi5, (3.7) 


\^ui{z) 


ip{z — w)Auo{w)dVu, 


< J |V<^(^-M')|D°(Mo) + F^iK) <2vr(5(^ + ^). 

{|fp| = l,|t(;—2:|<5} 


(3.8) 


Now we can choose e' = 6^ in fl3.8p to get 


\Aui{z) 


ip{z — w)Auo{w)dvw\ < 4:7iC6. 


(3.9) 
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Notice that if I 2 ; — w| < 5 < 1/8, \z\ > 3/4, we have |i(;| > 5/8, and 
\uo{z) - ui{w)\ < \uo{w) - ui{w) \ + \uo{w) - uo{z)\ < 2Mi6. 

For 3/4 < | 2 ;| < 5/4, |^| 7 ^ 1, 

-e-‘^Mz^Aui{z) - w;)(a + 1 ) + 47rC5] 

< 471^6-2^5 + {a + (3.10) 

Similarly, we can prove that 

_g-2«i(dAMi(z) > {/3i + - A7rCe-^^6. 

Thns for any given e > 0, we can choose a proper 5 << 1 to get ([3]) for 
3/4 < | 2 ;| < 5/4, | 2 ;| 7 ^ 1. Now that Ui is smooth for 3/4 < |^| < 5/4, 
we can thus extend this estimate to get (3). □ 

Finally, we describe our smooth conic metric whose curvature pinch¬ 
ing is arbitrarily close to po- Dehne a cut-off function y G C'°°(C) such 
that 

( 1 ) 

{ 1, zeRi = {3/4 < |z| < 5/4}; 

0, z eR 2 = (I^I < 5/8, or| 2 ;| > 11/8}; 

( 2 ) 

0 < X'W < 1. |V\'I < 16, |Ax| < 256, |j| 6 C\(fi, U R^). (3.11) 

We dehne the following function 

U 2 {z) = xui + {I - x)uo. (3.12) 

We prove the following 

Proposition 3.5. Function U 2 satisfies the following: 

(1) U 2 is smooth away from Z 2 , - ■ ■ , Zn ^ {\z\ < 1/4}; 

( 2 ) U 2 ^ (5i\Yi\z — Zi\ as z ^ Zi, for i = 2, - ■ ■ ,n; 

(3) U 2 ~ —(/di + 2) In l^l as \z\ —)■ = oo; 

(4) In the region where U 2 is smooth, there exists a constant C" = 
C”(a,/li) > 0 such that 

(/li + if - CW < -e-^^^Au2 <{a + 1)^ + CW; (3.13) 

Proof. Since U 2 {z) = Uo(z) for z E R 2 , and U 2 = Ui for z E Ri, parts 
(1), ( 2 ) and (3) are obvious. Apply ([3]) of Proposition [331 we can prove 
(4) for z E RiU i? 2 - 
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Thus, to prove Proposition 13.51 we just need to verify part (4) for 
z E R = C\(i?i U R 2 ) = {5/8 < \z\ < 3/4, or5/4 < \z\ < 11/8}. 
Notice that U 2 — Uq = x(mi — Mo); fhus by ([2]) and fl3.1ip . we have a 
hnite constant C" > 0, for any z E R such that \z\ 7 ^ 1, 

\A{u 2 -Uo)\ = |xA(mi - Mo) +2 VxV(mi - Mo) + (Ax)(mi -Mo)| < C'e, 

which leads to 

|e- 2 “ 2 AM 2 _ e- 2 “oAMo| < e-^^^\A{u2 - Mo)| + - e- 2 “^)AMo| 

< e-2™+^"C"e + |e-2“°AMo(l - < C"e. 

The last inequality follows from the fact that —e“^“°AMo(^) = (/di + 1)^ 
or (a + 1)^ for z E R. Thus we have proved part (4) in R. 

Combine Propositions 13.31 13.41 and 13.51 we have effectively proved 
Theorem 13.11 □ 

Theorem ll.3l thus easily follows Proposition l2.1l and Theorem 13.II □ 

4. Convergence 

In this section, we prove Theorem 11.41 Tracing the proof of Propo¬ 
sition 12.11 it is easy to check that if the best constant po is achieved 
by a conformal factor m, level sets of m are concentric round circles; 
thus, M has to be radially symmetric. A bit further computation shows 
that M has to be the conformal factor of a glued football, which is 
and piece-wise smooth away from one or two singular points. This fact 
was pointed out by Chen-Lin |ChLi) and Bartolucci [B] for the single 
and double singular points cases respectively using the symmetric re¬ 
arrangement argument. In multiple conic points cases, equality case of 
Proposition 12.11 cannot be expected. We will do a hner analysis on the 
isoperimetric defect to show that all but one of singular points merge 
to one conic point when the best pinching constant po is approximated. 
In EE], we have described exactly this kind of merging behavior for 
conic 2-spheres with constant curvature metrics. We thus follow the 
arguments given in ED, pointing out only the necessary modihcation 
for the supercritical case. 

First, we prove a technical lemma. 

Lemma 4.1. Let u G C'°°(fl) he a solution of the Dirichlet problem in 
a bounded region C C, 


Am = —in fl; 
u = s, on dfl, 
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where K is a positive continuous function with 0 < a < K < 
Let Qt := {u > t} G fl, A{t) = B{t) = \Qt\, H 

max^gnM(z), then 


A{t)> 


4a7r 


(1 - e*-^) 




b. 


moreover for A{t) > we have, for any t > s, 


Bit)> 


AaTT 

IF' 


e-*-^ - e-2^ 


)• 


Proof. We are in a similar but simpler set up as that of Proposition 
[m as no singularity appears here. In particular, similar to fl2.8p . we 
have 

be'^^B' < W < ae'^^B'. (4.1) 

Thus we follow the proof of Lemma 3.4 of HU to get 


(A^y = 2 ( f \Vu\)(-e^^ f < - 2 e^^a\dn(t)\^ < -SaTre^^B. 

J J |Vm| 

dn{t) dn{t) 

(4.2) 

We integrate fl4.2p from t to H to get 


H 



t 


On the other hand, integrating (14.ip . we get 

H 

-A{t) >- J 2be^>^B{fi)d^-be^^B{t). 

t 


(4.3) 


(4.4) 


Thus we combine fl4.3p and fl4.4p to get 

—A^ >A- be^^B 
4:071 


which leads to 


> 


4a7r 


AA' + A, 




(4.5) 

(4.6) 


When 21 > ^, by (gS]), 
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Remark 4.2. As in Lemma 14.11 is used to show the uniform upper 

bound for conformal factors in consideration. A more general form of 
such estimates has been obtained by Brezis-Merle |BM) . 

We can now start the proof of Theorem 11.41 


Proof. We write 



do, 


which has conic singularity along the divisor D. We will normalize Ui 
later. Following notations of our earlier works EE], we dehne 


a(t) ■. = {ui>t}c C, A{t) := [ B^it) := 

J Qt 

where all integrals are with respect to the Euclidean metric Qq. Note 
that, under our set-up, the Gauss-Bonnet formula can be written as 


= 27r(2 -F \D\) = lim Ai(t); 

t—)• —OO 


while we also have that 

Ai(t) = f = f iVtiil -|-27ra, 

J Q,i{t) J dQ,i(t) 

for any t > —oo. 

According to the proof in Proposition 12.11 we have 


= - 


r, A'[t) = -e 


2t 


f KM, 

dQ.i(t) iVrtil 


for t almost everywhere. 

Assuming that 

Oi = m:inK{gi) < K{gi) <bi = maxK{gi). 


(4.7) 


(4.8) 


(4.9) 


By adding a proper constant to each Ui, we may assume bi 
leads to 


^ _(i + A)^ 

(l + a) 2 - 

as i — )■ OO. Thus, combining (14.81) and (14.91) . we get 

^ ^ (1 + u)^ 

- A'it) -{i + /3,r 


1 , which 
(4.10) 


(4.11) 


Also by the isoperimetric inequality and the Holder’s inequality, we 
have 


AwBiit) <{[ lf<[ iVwil [ = -B[{t){Ai{t) - 2na). 

(4.12) 
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Similar to the discussion in lELl, due to the non compact conformal 
transformation group, there are two families of normalization that we 
can apply to functions {ui} without changing the geometric setting. 
Namely, 

scaling: := u{\z) + In A; 

translation; u^'^{z) := u{z — k). 

We choose the normalization so that for a generic to ^ 

Ai{hi{a + 1 )) = 27r(a + 1 ), 

the centroid of Ali(to) is at 0. 


Dehne 


A(i) = ( 




1)2 - 4jrBi(i) 


(4.13) 


as the isoperimetric defect for the region Qi{t). We have the following 
improvement of fl2.1ip : 

4:71 Bi(t) + Di(t) < -Bl(t){Ai(t) - 27ia), 

which means 

4.('7l-97rn- DfA 

(4,14) 


Bm 

Thus, similar to fl2.12p 
d 


Bi{t) ^ Ai{t) - 2'Ka ^ Di{t) 


dvr 


477 B[{ty 


Je-BM - 4 2e-B.it) ^ 

/ Ai-27ra^ e^^D^t) 

^(1 + a - Aj < 27r(l + a); 


bi 


< 


(4.15) 


^(1 + a - 1^) - Ai > 27r(l + a). 


Integrating fl4.15p from some t < ln(a + 1) to oo, we get 

— / e^Wi{s)ds-e^^B{t) < - A^t) - —A{t)+7T{l+ayi - 1 ). 

277 Ji. 4ai7\ tti tti 

Takeing a sequence —)■ —cxo with e^^"B{tn) —)• 0, and noticing 

and fid.iop . we then get 


e Di{t)dt —)■ 0, as 7 —)■ cxo. 


Thus, away from a set S of measure 0, we have 


Di(t) 0 , 


7 —)■ oo. 
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In particular, we pick our Iq ^ S. A similar argument as given in 
Lemma 3.5 of ED indicates that 

Ai(t) A(t), Bi{t) —)■ B{t), 

and all inequalities in the discussion above will be equalities when pass¬ 
ing to the limit. Therefore, by fl4.14|) and fl4.15D . A{t) and B{t) satisfy 
the following 


47r5(t) = 

e^^B{t) 


K{gu) 


B'{t){A{t) — 2na), 


+ 


AHt) 




-1 




PO 


(4.16) 

t > ln(a -|- 1); 
1), t < ln(Q; -|- 1), 

(4.17) 


1, t> ln(Q; + 1); 

Po, i < ln(a + !)• 


(4.18) 


Combining these with proper initial conditions, we can compute A{t) 
and B{t) precisely. Readers are referred to ED for explicit formulae. 
It is straight forward to see that they are given by the corresponding 
data of the glued football. 

We now follow ED to prove the Gromov-Hausdorff convergence. Let 
Mi{t) be the connected component of r2i(f)with the largest area. Since 
Di{t) —)■ 0, we apply Benneson’s inequality to get 




Due to the normalization, the centroid of Dj(fo) is 0, we conclude that 
Mj(to) converge to a round disc in Gromov-Hausdorff sense. Indeed, 
following Lemma 3.9 of ED. Mi{t) converges in Hausdorff distance to 
a disk D{t) for almost every t. Let po be the limit of center of D{t) 
as t —)■ cx). Passing to a subsequence if necessary, let pi, • • • ,Pn-i be 
the possible limit points of n — 1 conic points. Consider any compact 
set K C C\{po,Pi, • • • Following exactly the argument given in 

ED. with Lemma 14.11 we can show that there exist constants N & N 
and a uniform constant Ck G R, such that ||Mi||co(_ft:) < Ck for i > N. 
Thus, by a standard bootstrap argument we have, up to a subsequence. 


in C°°{K) topology. It follows that the limit u must be radially sym¬ 
metric, and its associated A{t) and B{t) are given by fl4.16p . We also 
have that po = O. A straightforward computation shows that u = 
the conformal factor of the glued football 5^ . 
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It is now straightforward to see that pi = O for i = I,-- - ,n — 1, 

which means n — 1 of the conic points collapse into one. □ 

The proof of Theorem 11.51 follows exactly the same line of those of 

Theorems O and 11.41 thus we omit it here. 
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